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1. INTRODUCTION 
In [9] we considered a topology on the extreme boundary of a 
Choquet simplex that is analogous to Jacobson’s structure topology 
for a ring. In this paper we will show that the “Dirichlet problem” 
may be solved for functions that are continuous in this topology, and 
we will settle several problems that arose in [9]. We will use the 
terminology and notation of [9]. If A is a simplex space we will identify 
max A and EP,(A) - (0) as sets, generally letting the former have 
the structure topology, and the latter the relative weak* topology 
defined by A. By simplex we will mean a compact Choquet simplex 
in a locally convex HausdorR topological vector space. 
Suppose that A is a simplex space. In Theorem 2.1 we prove that 
any bounded real continuous function f on max A is a “multiplier” for 
A, i.e., if a is in A, there is a unique element fa in A for which 
for all M in max A. This is the analog of a recent result of Dauns 
and Hofmann [.5] for the primitive ideal space of a C*-algebra. Our 
proof parallels the one for C*-algebras given by Dixmier [7], Section 5. 
It follows that if f is a structurally continuous function on the extreme 
points of a simplex K, then f extends to a continuous affine function 
on K, i.e., to an element of Q!(K). In Theorem 2.4 we show that a 
theorem of Alfsen on extensions is valid for all simplexes. 
In [9], Theorem 4.8 we proved that a simplex space with order 
identity has a Hausdorff structure topology if and only if it is a 
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Kakutani M-space. We show in Theorem 3.8 that this is also the case 
for a separable simplex space without identity. The proof uses 
Rogalski’s characterization of M-spaces ([I7], Theorem 3.1) and a 
description of the structure space of an M-space as a quotient space 
(Theorem 3.6). 
Section 4 is devoted to two examples. The first is a separable M- 
space for which the structure topology is not locally compact (see 
also Corollary 3.9). This gives a negative answer to a question raised 
in [9], Section 5. The second is a separable simplex space for which 
the structure topology does not generate a countably separated Bore1 
structure. We are indebted to J. Dixmier for this result. We conclude 
with several open problems. 
2. THE DIRICHLET PROBLEM 
Let A be a simplex space and F (max A) be the bounded real func- 
tions on max A with the uniform norm. We may identify A as a 
Banach space with a closed subspace of F (max A) (see the argument 
used in the proof of [9], Proposition 4.5). We denote the structurally 
continuous functions in F (max A) by Cb (max A). 
THEOREM 2.1. If a E A and f E Cb (max A), then fa E A. 
Proof. Since A = A + - A+ ([9], Corollary 2.5), we may assume 
a E A+. Given E > 0, let WI ,..., JV, be open sets in max A for which 
maxA = WIV -*-V W, (2.2) 
and the oscillation off on W, is less than or equal to E. Letting Ji 
be the closed ideal k (max A - IV,), we may identify Wj with max Ji 
([9], Theorem 4.4). From (2.2), 
0=n(maxA- W,) 
j 
hence taking kernels, A is the closure of the ideal .ZJj ([9], Theorem 
4.1). From the proof of [9], Th eorem 3.5 and the discussion following 
it, (ZJj)+ = ZJJ is dense in A+. Select a, = Zaj , aj E JT with 
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11 a - a, 11 < E and let b, = Z&ui , where & is a value off on IV, . 
Since A is closed in F (max A), it suffices to show that b, uniformly 
approximates fu. 
Given M E max A, we may suppose that &l E IV, ,..., W, , and 
M $ W,,, ,..., W, . Then b,(M) = 0 forj > Y, and / & -f(M) 1 < E 
for j < I, hence 
and 
COROLLARY 2.3. If K is a compact simplex, then any structutdy 
continuous real function f on E(K) has a unique extension to an element 
of O’(K). 
Proof. Letting A = 67(K), we may identify K with the state 
space S(A), and E(K) with max A. As the function 1 is an order 
identity for A, max A is compact ([9], Corollary 4.6), and any continu- 
ous function on max A must be bounded. It follows that f = f - 1 
is in A. 
Determining whether or not a function f on E(K) extends to a 
continuous affine function on K may be viewed as an abstract form 
of the Dirichlet problem. From above, structural continuity is a suf- 
ficient condition. Since there exists a simplex K with more than one 
point, for which Cb (max G!(K)) h as only constants (e.g., the example 
in [9], Section 5), it is not a necessary condition (see also Theorem 
3.10). On the other hand, continuity in the relative topology is neces- 
sary but not sufficient. If all relatively continuous functions extended, 
Q!(K) would be lattice-ordered, and thus E(K) would be closed (see 
[9], Theorem 4.8). 
Alfsen [I], [2] h as introduced a somewhat different approach to 
the boundary-value problem by considering the closure 2, of E(K). 
We say that a function f E C(Z,) is afine if, for each p E Z,, 
f(P) = 4m 
where 6, is the maximal probability measure on K with resultant p. 
Note that 0, has support in Z, (see the discussion in [15], p. 30). Alfsen 
proved a generalization of the following result for metrizable compact 
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convex K ([I]; [2], p. 119~see also [NJ; [17]). We have included the 
easier proof for simplexes, as in that case the condition of metrizability 
may be dropped. 
THEOREM 2.4. If K is a simplex, any afjine continuous function f on 
2, extends to an element of G?(K), and all elements of @PI(K) arise in this 
manner. 
Proof. Letting S(Z,) be the probability measures on 2, with the 
weak* topology, the resultant map r of g(Z,) into K is continuous 
and onto (see [15], Proposition 1.2). Define a function at on K by 
where 13, EB(Z~) is defined above. Then at extends f to an affine 
function on K. From [4], Theorem 12, p + d,(f) is a function of first 
Baire class. It follows from a theorem of Choquet (see [1.5], Chapter 12) 
that, for all TV E Y(Z,), 
afM4 = hf) = 14.0 
and in particular, at o r is continuous on p(Z,). Since r is also con- 
tinuous and @(Z,) is compact, it follows that at is continuous. 
We recall from [PI, Theorem 2.2 that, if A is a simplex space, P,(A) 
is a simplex, and that A may be identified with &-,(P,(A)), the con- 
tinuous affine functions on P,(A) vanishing at 0. Let 2, be the closure 
of EP,(A), and &,(Z,) the continuous affine functions on 2, vanishing 
at 0, with the natural norm and order. 
COROLLARY 2.5. If A is a simplex space, then it may be identifid 
with G&(2,). 
3. KAKUTANI M-SPACES 
If A is a simplex, let RP,(A) d enote the union of the extremal rays 
of P,(A), i.e., the points lying on line segments from 0 to points in 
EP,(A) - {O}. If A is lattice ordered, these are just the lattice homo- 
morphisms in P,(A) ( see [11, Section 24.2]), hence in that case 
RP,(A) is closed. The following Theorem of Rogalski ([17], Theo- 
rem 2) is a simple consequence of Corollary 2.5. 
THEOREM 3.1. Let A be a simplex space. Then the following are 
equivalent. 
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(1) A is lattice-ordered. 
(2) A is an M-space. 
(3) 2, C RP,(A). 
It follows that if A is an M-space, there is a natural map 
@ : 2, - (0) + EP,(A) - {O} (3.2) 
defined by Q(p) =p/llp 11. W e will show in Theorem 3.6 that this 
map induces the structure topology on EP,(A) - (01. We will first 
prove a general result for simplexes. 
Let K be a simplex. We say that a subset D of K is dilated if for 
each p E D, 
supp e9 C D, 
where 0, is the unique maximal probability measure with resultant p. 
THEOREM 3.3. If D is a closed dilated subset of a simplex K, then 
its closed convex hull E(D) is a face in K. 
Proof. Suppose that p E E(D), and that p = alp, + (1 - CX) p, 
where p, E K and 0 < LY < 1. Let vi be maximal probability measures 
on K with pi = T(v~). Then p = r(v), where v = ol~i + (1 - CX) vs 
is also maximal. It suffices to show that supp v C E(D), since then 
supp vi C E(D), and 
pi = Y(Q) E E(D). 
Since D is compact, there is a probability measure p on K for 
which supp p C D and p = r(p) (see [15], Proposition 1.2). As K 
is a simplex, v must dominate all measures with resultant p, hence 
v> p. For each q E K let 19, be the maximal probability measure with 
resultant q. If f E C(K), q + e,(f) is Borel, and 
v(f) = 1 &(f) 444) (3.4) 
(see [13], p. 232). S ince D is dilated, supp ~9, C D for all q E D. 
Suppose thatf E C(K) is such that supp f n D = 0. Then 0,(f) = 0 
for all q E D, and since supp p C D, we have from (3.4) that v(f) = 0. 
Thus supp v C D. 
COROLLARY 3.5. If K is a simplex and F is a compact subset of 
E(K), then F is structurally closed. 
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Proof. Since each point in F is extremal, F is dilated. From the 
above theorem, E(F) is a face, and (see [IS], p. 9) 
F = c(F) n E(K) = E(c(F)) 
is structurally closed. 
Let A be an M-space, and define an equivalence relation R on 
2, - {0} by pRq if p/l/ p I] = q/l\ q /I . Let (2, - {O})/R be the equiv- 
alence classes with the quotient topology. 
THEOREM 3.6. If A is a simplex space, then the map Sp [see Eq. 
(3.2)] defines a homeomorphism of (2, - {O})/R onto max A. 
Proof. Identifying EP,(A) - (0) with max A, we must show that 
a set F in EP,(A) - {0} is structurally closed if and only if @-l(F) 
is closed in 2, - (01. 
Suppose that Q is a closed face in P,(A) containing 0, with 
F = E(Q) - {O>. If Q(p) E F, then p/l\ p ]I and 0 lie in Q, or since Q is 
convex, p E Q. Thus given a net p, E: @-l(F) converging to 
q E 2, - (01, we have q E Q since Q is closed, and as Q is a face, 
@(4) = (( ; ,, -EE(Q)-{O}=F; 
i.e., @-l(F) is closed. 
Conversely suppose that @-l(F) is closed in 2, - {O}. We claim 
that @-l(F) u {0} is dilated in P,(A). For each p E 2, - {0}, 
P = (1 - II P II> 0 + II P II $j 1 
or letting 6, be the unit mass at a, the measure 
43 = (1 - II P II) so + II P II %/,,a,, 
has resultant p. 0, is maximal since 0, p/l/ p )I E EP,(A). If p E @-l(F), 
then 
-If- E m,(A) - {O} c 2” 
IIP II 
and 
@ p = &, = O(p) EF; ( 1 IIP II 
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hence p/l! p 1) E @-l(F). We have 
supp ep c 0, 
I t 
& c Q-V) u P), 
and @-l(F) u {0} is dilated in P,(A). It is also closed in P,(A). 
From Theorem 3.3, Q = F(@-l(F) u (0)) is a face in P,(A). Since 
the only elements of @-l(F) not interior to a ray in E(@-l(F) U (0)) 
are the elements of F, 
E(Q) C F u (0). 
On the other hand, 
F u (0) C P,(A) n Q = E(Q), 
hence F = E(Q) - {0), and F is structurally closed. 
LEMMA 3.7. Let A be a simplex space. The equivalence relation R is 
a closed subset of (Z, - (0)) x (Z, - (0)). 
Proof. Let (pl, , qn) b e a net in R converging to 
(P, 4) E VA - W) x VA - w 
Then there is a net of scalars cy, > 0 with p, = ornqn . If no subnet 
of LY, converges, (Ye -+ co. But then cx;l -+ 0, and 
II!& II = c’ IlPn II+09 
or since 
II q II G lim II qn II p 
q = 0, a contradiction. Choosing a subnet we may assume that OL, 
converges to cy, and the above argument shows that (Y # 0. We have 
Pn = %& + TIP 
hence p = orq and (p, q) E R. 
THEOREM 3.8. Suppose that A is a separable simplex space. Then 
the following conditions are equivalent. 
(1) max A is Hausdorfl. 
(2) A is an M-space. 
If max A is Hausdorfl, then it is also normal. If A is not separable, ok 
still has (1) Z- (2). 
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Proof. Suppose that A is a separable M-space. Then P,(A) is 
second countable and compact, hence 2, - {0} is second countable 
and locally compact. From Lemma 3.7 and [3], p. 112, Exercise 15, 
it follows that (2, - {O))/R is Hausdorff and normal, hence from 
Theorem 3.6, the same is true for max A. 
Conversely, say that A is not an M-space. From Theorem 3.1, 
there is a net p, E EP,(A) - {0} converging to an element p of P,(A) 
not lying along an extremal ray of that set. Letting QP be the smallest 
closed face of P,(A) containing p and 0, E(QrJ must contain at least 
two nonzero points Q and r. We claim that in the structure topology, 
p, converges to both Q and r, hence that topology is not HausdorK If 
this is not the case, there is a structurally open set N containing at 
least one of these points such that p, frequently lies in 
F = (El’,(A) - (0)) - N. 
Choosing a subnet and letting Q be a closed face of P,(A) containing 
0 with F = E(Q) - {0}, we may assume that eventually p, E F. But 
then p E Q, hence QP C Q and 
{CT, r> C E(Q,) - @I C E(Q) - 63 = J? 
a contradiction. 
COROLLARY 3.9. If A is a separable M-space and max A is first 
countable, then max A is a locally compact separable metrixable space. 
Proof. This follows from [18], Theorem 3. 
If X is a locally compact Hausdorff space, then the ordered Banach 
space C,(X) of continuous functions vanishing at co is an M-space. 
Such spaces are characterized by 
THEOREM 3.10. If A is a simplex space, then the following conditions 
are equivalent: 
(1) EP,(A) is closed in P,(A). 
(2) The functions in A are continuous on max A. 
(3) max A is locally compact and Hawdorff, and A = C, (max A). 
Proof. (2) 3 (1). El ements of A separate points in max A since if 
M, iV are distinct points in max A and a E M - N, then a(M) = 0 
and A(N) # 0. Assuming that the functions in A are continuous, 
max A must be Hausdorf?. From Theorem 3.8, A is an M-space, 
hence from Theorem 3.1, 2, _C El?,(A). If EP,(A) is not closed in 
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P,(A), i.e., EP,(A) # 2, , let p, E &P,(A) - {0} be a net converging 
to p E 2, - EP,(A). Regarding @ as a map of 2, - {0} onto max A, 
@ is continuous (Theorem 3.6), and @(pJ + Q(p). On the other hand, 
letting a E A be such that a(@(~)) # 0, 
converges to p(a), which is distinct from 
since p E E&(A) - EP,(A) implies 11 p 11 # 1. Thus a is not con- 
tinuous on max A. From this contradiction we conclude EP,(A) is 
closed. 
(1) G- (3). Suppose that EP,(A) is closed in P,(A), i.e., that 
2, = EP,(A). Then the equivalence relation R on 2, - {O> is trivial, 
and we may identify 2, - (0) an d max A as topological spaces. Since 
2, = P,(A), any continuous function on 2, is affine, and from 
Corollary 2.5, 
A = Olo(ZA) = C,(max A). 
(3) =z- (2). This is a consequence of the argument for (5) 3 (1) 
in [9], Theorem 4.8. 
4. Two EXAMPLES AND SOME OPEN PROBLEMS 
Suppose that X is a compact Hausdorff space and that A is a linear 
subspace of C(X), closed with respect to the norm topology and the 
lattice operations in C(X). We will assume that there is a point x0 
in X at which all of the functions in A are zero. A is clearly an M- 
space. If x E X the functional S(x) defined on A by S(x) (a) = a(x) 
is positive and of norm less than or equal to 1, i.e., S(x) E P,(A). Since 
S(x) also preserves the lattice operations, S(x) E ER,(A) (see [II], 
Section 24.2), and x + S(x) a continuous map of X into ER,(A). The 
Choquet boundary i3A is the set of x E X for which S(x) E EP,(A), or 
equivalently, 11 S(x) 11 = 0 or 1. The following is closely related to 
[16j, Theorem 4. 
LEMMA 4.1. S maps aA onto EP,(A), and the closure (aA)- onto 
2, = [W,(A)]-. 
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Proof. Let Y(X) be the probability measures on X with the weak* 
topology defined by C(X), and p be the restriction map of P(X) into 
P,(A); i.e., if p EP(X) and a E A, 
P(P) (4 = P.(a)- 
We claim that p is onto. Due to the Krein-Milman Theorem, it suf- 
fices to show that 
If p E EP,(A) - {O}, we use the Hahn-Banach Theorem to extend p 
to a functional p on C(X) with I/ p 11 = 1. We claim that p is positive, 
and thus an element of P(X). As p is an extreme point in P,(A), the 
closed line segment Q joining 0 and p is a face in P,(A). The function 
a defined by a(@) = CII is affine and continuous on Q, and 0 < a < 1. 
From [8], Corollary to Theorem 3 (this result for simplexes was also 
communicated to us by E. Alfsen, and represents an improvement of 
[9], Theorem 2.4), a may be extended to a continuous affine function 
a, on P,(A) satisfying the same inequalities. As ~~(0) = 0, a, is in A 
([9], Theorem 2.2). Using the usual lattice operations for measures, 
LL+b4 2 PW = 44 = 19 
or noting that (1 a, ]I < 1, 11 p+ I[ > 1. But 
1 = II CL II = II/J+ II + II F- II 3 
hence 11 t.~- II = 0, and p = p+. Equation (4.2) follows since, if Sz, is the 
unit mass at x0 (see above), p(&,) = 0. 
p is continuous and preserves convex combinations, hence if 
P E J%(A), P-‘(o) is a closed face in S(X). Letting ~1 be an extreme 
point of p-‘((p}), t i is extreme, and thus is concentrated in a point x. 
We have 
w = P(P) = A 
and 6 is onto. As 8 is continuous and 2, is compact, the second asser- 
tion is a consequence of the first. 
Let X be the closed unit interval [0, 11, and A be the continuous 
functions a on X satisfying a( l/n) = (l/n) a( 1) for all integers n > 1. 
A is a closed sublattice of C(X), and if a E A, a(O) = 0. Given x E X 
with x # l/n for n > 1, and x # 0, we may find a function a E A 
with 0 ,( a < 1 and u(x) = 1; i.e., jl S(x) 11 = 1 and 6(x) E EP,(A). 
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Similarly, /I 8(1/n) 11 = l/n, and 11 6(O) 11 = 0, hence 
aA = (0, l] - 1; : 71 2 2) ) @A)- = [O, 11. 
It is clear that 6 is one-to-one on (aA)-, and thus a homeomorphism 
of (aA)- onto Z, . 6-l and the equivalence relation R define an equiv- 
alence relation R’ on (0, 11. As 8(1/n) = (l/n) 6(l), 8(1/n) RS(l), and 
R’ corresponds to identifying the points l/n, n > 1, in (0, I]. 
From Theorem 3.6, max A is homeomorphic to (0, II/R’. It is 
readily verified that the image of 1 does not have compact neigh- 
borhoods in the quotient space. We have thus proved 
THEOREM 4.3. A is a separable M-space for which max A is not 
locally compact. 
Turning to the second example, Poulsen [I41 has constructed a 
metrizable compact simplex K for which E(K) is dense in K. The 
following arguments are due to J. Dixmier. 
THEOREM 4.4. Suppose that K is a compact simplex for which E(K) 
is dense in K, and let E(K) have the relative topology. If Q is a proper 
closed face in K, then E(Q) has no interior in E(K). 
Proof. We must show that 
F = E(K) - int E(Q) 
coincides with E(K). We have 
E(K) = E(Q) u F, 
or taking closures in K, 
K = E(Q)- u F-. 
Since E(Q)- C Q, K - Q _C F-. It suffices to show that in general if Q 
is a proper face in a convex set K, then K - Q is dense in K, as then 
we have K CF, and 
F = P n E(K) = E(K). 
Fix x E K - Q. If y E K, the sequence 
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converges to y. If x, E Q, then x E Q since Q is a face. This contra- 
diction shows that x, E K - Q. 
We recall that a Bore1 structure g on a set X is a o-field of subsets 
of X, and that 99 is countably separated if there is a countable subfamily 
&?,, which separates points (see [12], Section 3). If X is a topological 
space, we give it the smallest Bore1 structure containing its open sets. 
COROLLARY 4.5. There is a separable simplex space A for which 
(1) max A is second category and all proper closed subsets have 
no interior, 
(2) max A is not countably separated. 
Proof. Let K be a metrizable compact simplex with E(K) dense 
in K (see above), and let A = 6!!(K). Identifying max A and E(K), 
proper closed subsets of max A have no interior in E(K). As E(K) 
is Baire (see [a, p. 355) and thus second category, it cannot be a 
countable union of proper closed sets, and (1) is an immediate con- 
sequence. 
E(K) is metrizable by a separable complete metric (see [IO], 
pp. 118-119), h ence its topology determines a standard Bore1 structure 
.4? (see [12], Section 3). Let Y be the Bore1 structure on E(K) generated 
by the structure topology. Then Y C&J!, and as g is standard, Y 
is countably separated if and only if Y = %? (see [I2], Theorem 3.3). 
Thus it suffices to show that 9 #g. 
Let 9, be the S E 9 for which either S or E(K) - S is first 
category in E(K). It is clear that Y; is a u-field. On the other hand as 
proper structurally closed sets have no interior, they are in Yi and 
9’ = Yl. Since E(K) is Baire, open subsets are second category in 
E(K), and since it is HausdorfI, there is an open set P in E(K) for 
which E(K) - P has interior. It follows that P $9, hence Y # 9. 
We conclude with some open problems. If A is a simplex space 
with identity, C = Cb (max A) is a subspace of A which is an M-space. 
Can C be abstractly characterized? Dauns and Hofmann’s results [5] 
for C*-algebras suggest that C should in some sense be the “order 
center” of A. More generally it should be possible to characterize 
C when A does not have an order identity with an analog of [A, 
Section 5. 
We conjecture that separability is not needed for the equivalence 
of (1) and (2) in Theorem 3.8. It should be noted that R-equivalence 
classes are homeomorphic to closed subsets of (0, 11. 
A topological space X is locally compact if each open set about a 
point in X contains a compact neighborhood of that point. If X is 
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not Hausdorff, compactness does not imply local compactness. On 
the slim evidence of Corollary 3.9, we would conjecture that if A is a 
separable simplex space, then the properties of local compactness, 
first countability, second countability, and standard Bore1 structure 
are equivalent for max A. We have been unable to determine if the 
simplexes of Corollary 4.5 have locally compact structure. 
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